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Summary

The DFHRS (Digital- Finite-Element-Hei ght-Reference-
Surface) research and development project is funded by
the Geman Ministry of Education and Research. It aims
at the conversion of ellipsoidal GPS-heights h in an on-
line or postprocessed GPS-heighting into the standard
heights H, which refer to the height reference surface
(HRS) of an orthometric, NN- or normal standard height
system. The DFHRS is modelled as a continuous HRS
in arbitrary large areas by bivariate polynomials over an
irregular grid. Geoid information (geoid heights N, de-
flections of the vertical x,h) provided with aHRS datum
adoption parametrization and identical points (h,H) as
observationsin aleast squares procedure enable the sta-
tistically controlled DFHRS computation. Several geoid
models may be introduced simultaneously and any
geoid model may be splitted into different “geoid-
patches’ with individual datum-parameters and continu-
ity requirements along the patch borders. The resulting

DFHRS data-base provides a correction D=D(B,L,h) to
transform an ellipsoidal GPSheight h directly and on-
line into astandard height H. Examples for the corpu-
tation and use of DFHRS data-bases in DGPS-networks
(e.g. SAPOS, Gemany) are presented for different
countries.

1 Introduction

With the trend towards replacing the former still present
national datum systemsin favour of ITRF-related datum
systems and respective DGPS reference station systems
(like e.g. SAPOS in Gemany), the datum problem for
the plan position conponent (B,L) in DGPS-based
positioning applications will vanish by and by. For the
reason of a physically different height reference surface
HRS for the standard heights H (fig. 1) however, which
are defined by geopotential humbers, the problem of a
transition of the ellipsoidal GPS-heights hto the stan-
dard heights Hreferring to a HRS (geoid for an ortho-
metric height system, quasi-geoid for a normal height
system) will remain. Using directly geoid models such
as EGG97 (Denker and Torge, 1997) or EGM96 (LE-
MOINE et al., 1998) theideal formula

H=h- Ng(B,L) , (1)
represented in fig.1, does not hold. The reason is, that

geoid models have their own datum and additionally
suffer from at least long-waved systematic effects

(DINTER et al., 1997; JAGER 1999, 2000; JAGER and
KALBER, 2000). Besides this the precision of the stan-
dard height H resulting from a GPS height is mostly res-
tricted additionally by a poor short-waved accuracy of
geoid models. The observation equation for the
powerful standard approach for GPS-height integration,
which was developed and inplemented in the software
package HEIDI2 some years ago (DINTER et a., 1997)
and has meanwhile been applied by many DGPS users.
The so called “geoid refinement approach” reads in the
system of observation equations:

h+v=mxH+Ng (29)

Ng(B,L)+v=Ng +fNg(d) (2b)
+ NFEM (p, X, Y)

H+v=H (20)

Cp)=0 . (2d)

The standard approach (2a-d) holds, if geoid heights
Ng(B,L) from a respective geoid model are available.

The parametrization of a datum change fNg(d) reads
(JAGER, 1999, 2000):

NG (d) =
[cos(L) xcos@B)]>u +[cosB) >sin(L)] xv

+[sin(B)]>w

+[e2 *N(B)>sin(B) >xcos(B) ssin(L )] e,

+[- €2 *N(B) >sin(B) xcos(B) >cos(L)] ey

+[- Ng ["Dmg : (2¢)

In (2a-d) the height Ng(B,L) of a geoid model is refined
by a so caled Finite Element Model NFEM(p,x,y)
described in chap. 2. In (2e) N(B) means the radius of
normal curvature of the ellipsoid at a point P(B,L). The
datum parameters d comprise three translations (u,v,w),
two rotations (e, ey) and the scale change Dmg of the
geoid height Ng. The NFEM (p,x,y) acts as an additional
overlay for a middle- and short-waved shape improve-
ment of the geoid heights Ng(B,L).

For more details concerning the datum transition prob-
lem (2b,e) and the refinement NFEM (p,X,y), as well as
for the discussion of the special cases of the standard
approach - namely the “pure geoid-approach” and the
“pure FEM-approach” - it is referred to DINTER et al.
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(1997) and JAGER (1999, 2000). The mathematical
background of the powerful tool of the Finite Element
Model NFEM(x,y,p), which will become also the
central core of the DFHRS concept, is treated in chap. 2.

Ellipsoid

Fig. 1. Ellipsoidal GPS height h, standerd height H,
height reference surface HRS, its ellipsoidal height Ng
and earth surface ES at a point P(B,L)

A disadvantage of the above standard approach (2a-d)
is, that it isin its full power a typical post-processing
application. As identical points (H,h) are needed, the
approach is not very economical for an online GPS
heighting in DGPS networks (fig.3). Furtheron the
geoid model heights Ng(B,L) are only used at discrete
points (as "direct observations") and so the complete
geoid height information Ng(B,L) is neglected and
remains unused. Besides this also the vertical deflection
information (x,h), e.g. available from geoid models, re-
mains totally unused. The application of the standard
approach (2a-d) still requires experts knowledge, so that
it is not adequate for “any” DGPS user. Because of the
above mentioned disadvantages the standard approach
(2a-d) remains suboptimal conpared to the new DFH-
RS-concept presented in chap. 3.

2 FEM Representation of Height Re-
ferenceSurfaces

A powerful tool used already within the standard GPS
height integration approach (chap. 1) and a central tool
of the DFHRS approach (chap. 3) as well, consists in
the representation of the height reference surface HRS
or its additional refinement by a finite element surface
called NFEM(p,x,y). NFEM(p,x,y) is carried by the
base functions of bivariate polynomials which are set up
in regular or irregular the meshes (fig. 2, fig. 5). If we
describe with p' the polynomial coefficients (ago, a10, a1,
&0, &1, &p,.) Of the i-th mesh, we have for the height
NFEM (p',x,y) of the HRS over the ellipsoid (fig. 1) in
the i-th mesh:

NFEM(p',x,y) = 34)
f(x(B,L),y(B,L))»' ;i=1,m
p' =(ago. 40,801’ (3b)

f(x(B,L),y(B,L)) =(Lx y,x3,xy,y2,..) (39

The vector f means the so called Vandermond vector
and contains the different powers of the coordinates
(x,y) according to the polynomial degree n. The total
parameter vector p consists of the coefficient sets p' =
(3x)'s (1=0,n; k=0,n), of all m meshes. The plan position
in (3a,c) is due to the metric ellipsoidal coordinates
(y(B,L)="East” and x(B,L) =“North”) introduced e.g. as
UTM or Lambert coordinates, which are functions of
the geographical coordinates (B,L).

To imply a continuous surface NFEM(p,X,y) one set of
continuity conditions of different type Cy > hasto be set
up in the cormputation of NFEM(p,x,y) for each couple
of neighbouring meshes. The continuity type Gy implies
the same functional values, the continuity type G im
plies the same tangential planes and the continuity type
C, the same curvature along common mesh borders of
the DFHRS as represented by NFEM(p,x,y) (4a). The
continuity conditions occur as additional observation
equations C(p)=0 to be added to the parametrization of
NFEM (p,x,y). The condition equations C(p)=0 arerela-
ted to the polynomial sets of the coefficients (ajx)™ and
()" of each couple of neighbouring meshes m and n.
To force e.g. Gy-continuity, the difference DNy, in the
geoid height Ng of any point S at the common border
SA-SE of two meshes m and n (see fig.2) has to be-
come zero. So the basic condition eguation for a poly-
nomial representation of n-th degreereads (DINTER et.
a., 1997) :

DNm,n (t) =51T=05E=6 (ajk,n - ajk,m) x

(Ysa +tX(Ysa - Yge))) X

(XSA +t>(XSA - XSE))k (3d)
°0

With (Y g1 X g » Yo  Xge ) WE introduce the plan metric

coordinates of the nodal points SA and SE (fig. 2). E-
quation (3d) represents a polynomial of n-th degree
parametrized in the border line parameter t(tl (0,1).

The subset of (n+1) G-continuity condition equations
C(p)=0 for the border between mesh m and n resultsin
case of Gy-continuity from (3d) by setting al (n+1)
coefficientsrelated to t to zero.

The mesh size and shape for the computation of the
NFEM (p,x,y) representing the so called "geoid part"
(see 5a,b,c) of the DFHRS data base by may be chosen
arbitrary (fig. 2, fig. 5). The best approximation of a
HRS by NFEM(p,x,y) results of course by introducing
small meshes, e.g. in the range of 5 km in order to keep
a 5 mm range for any HRS shape approximation by a
polynomial degree up to n=3.

A specia advantage and characteristic of the
NFEM (p,x,y) representation consistsin the fact, that the
nodal points of the FEM grid are totally independent of
the location of the geodetic observations and the geoid
data points. Observation data which are presently used
for the determination of the parameter vector p of
NFEM (p,x,y) are height observations (h, H, DH, Dh),



the geoid height observations Ng(B,L) and the
deflections of the vertical observations (x,h).
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Fig. 2: Irregular mesh grid and different observation ty-
pes (geoid data grid; triangles meaning identical points
(H,h)). Example of DFHRS data base computation of
Tallinn, Estoniawith DFHRS production software.

3 Digital Finite Element Height Refe-
rence Surface (DFHRS) - Badc
| deas of the Concept

The DFHRS concept aims at a direct online or postpro-
cessed GPS heighting with an optimum and simul-
taneous use of al available data sources. Within this
aim the profile of a GPS-heighting is easy to formulate:
An ellipsoidal GPS-height h, determined at a plan
position x(B,L) and y(B,L) is to be made convertable
directly to the height H of the standard height system.
The converted height H should result online on applying
arespective correction to h, and the resulting H should
not suffer with a quality-decrease conpared to the
heights H resulting from a postprocessed GPS height
integration.

In the following the general so called DFHRS concept is
presented, which fulfils al above requests and shows
besides this even some more positive aspects. The
concept isto producein afirst step in acontrolled way a

new kind of data base product. This step is called the
DFHRS data base production step.

The second step is to make this data base accessible for
an online DGPS-heighting. Thisis called the application
step. The use of the DFHRS in a postprocessing mode
(e.g. in GIS) isof courseincluded in the concept. In the
application step either the DGPS user has the DFHRS at
his disposal on hisfield equipment or the DGPS service
exclusively uses the DFHRS for the evaluation of a cor-
rection D=D(B,L,h) to convert a GPS height h into the
height H of the standard height system (principle, see
fig. 3).

3.1 DFHRS Data Base Production

The DEHRS data base production step reads in the
system of observation equations as follows:

h+v=H+h>xDm+f(x,y) =, (4a)
withNFEM(p, x, y) =f (X, y) >p

Ng(B L) +v=f(x,y) p +INg(d) (4b)

x+v=-fg/M(B)>p+ 1B(dyp) (4c)

h+v=-f /(N(B)xcos(B))»p +1L(dyp)  (4d)

H+v=H (4e)

C+v=C(p) (4)

With Ng(d') (2d) and with 1B(dk ) and TL(dxn) we in-
troduce the datum part of the geoid heights of any geoid
model or of single “geoid patches” (see chap. 4) and the
datum parts of the deflections of the vertical &,h) re-
spectively. Explicit formulas for {B(dxn) and fL(dyn)
are given in JAGER (2000). Withfg and f_ weintroduce
the partial derivatives of the Vandermonds vector
f(x(B,L),y(B,L)) (3c) with respect to the geographical
coordinates B and L. M(B) and N(B) mean the radius of
meridian and normal curvature at a point P(B,L) respec-
tively.

Identical points (H, h) and if available, one or a number
of geoid models Ng(B,L)! are used as observations to
produce the DFHRS by a least sguares estimation re-
lated to (4a-f). The DFHRS on the right side is, exept
of the scale part Dm>h (4a), represented conpletely
by the finite element model NFEM (p,x,y)=f(x,y)*p, and

the continuity is provided by the continuity equations
C(p) (4f) below.

This means that the geoid model input of any geoid mo-
del Ng(B,L)' or “geoid patch” is “mapped” to the DFH-
RS by removing the datum part INg(c!). An additional
NFEM-refinement term may be set up in (4b). The pro-
duction step of the DFHRS (4a-f) is embedded in a sta-
tistical quality control concept of aleast squares estima
tion, so that any observation cormponent - including the
input of “mapped” and datum-adapted geoid-model - is
well controlled (JAGER and SCHNEID, 2001a). With
respect to geoid models N¢g' (4b) the DFHRS approach
isto beregarded as the second step of atwo step adjust-
ment, which improves geoid models N¢! in terms of the
new product NFEM (p,x,y) representing the "geoid part"
(see 5a) of the DFHRS.

The most valuable way to check the exernal accuracy
(“reproduction quality”) of the DFHRS data base para-
meters (p, Dm) (4af) is to compute successively the
DFHRS-height H; prrrs Of each identical point H from
h; when using the individual data base DFHRS, where
H; was excluded from the respective production (4a-f).

The reproduction quality measure NHi is then simply
given by the value of the difference
NH; =H; -H(B,L,h,DFHRS),
=H; -H;(5a,b.c) . “9

The computation of all NHi can be performed how-
ever in the unique production step, where all identical



points (Hj,h;) are used. The respective formulareads:
- Vi
NH; =- _Hi

o (an)

With VH; and 'H; we describe the correction and the

redundancy part of the observation H; in equation (4e).

3.2 DFHRS Data Base Application

The decisive components and formula parts of the
production step, which are afterwards needed in the
application step — namely in an online GPS-heighting -
are contained in (4a).

20-70 km

R ) 5 K---
RN
| Bhablle Jhany ERHH |-

D 65 R ]

Reteience Station

Hiiw /

kah:l= Sint ur.T < e < B
e iky |

o e

———— 30-T0 kL

Fig. 3 : DFHRS data base symbolized by the Finite Ele-

ment Model NFEM (p) of the HRS (above) and "appli-
cation scenery"” of an online GPS-heighting (below).

Equation (4a) leads to the following correction scheme,
which has to be applied to the GPS height h in an online
(or postprocessing) use of the DFHRS data base in order
to convert hiinto the standard height H:

H=h- D(B,L,h)=h- corrl- corr2 (58)
=h- f(x(B,L)y(B,L))» - hxDm (5b)
=h- NFEM (p,x(B,L),y(B,L)) - hxdm. (5¢)

In opposite to the limitations concerning the use of con-
ventional geoid models Ng by formula (1), the "DFH-
RS-correction” D(B,L,h) in the corresponding formula
(58) holds. The first correction part “corrl=corrl(B,L)”
is due to the FEM part NFEM (p,x(B,L),y(B,L)) (fig. 3,
above) of the DFHRS data base (“geoid correction™).

The second correction “corr2 = corr2(h)” is due to the

scale Dm between the GPS heights h and those of the
standard height system H ("scale correction").

4 Special Requests and Advantages

To reduce the effect of long-waved systematic errors of
geoid models as well as those of the standard HRS
(DINTER et al., 1997; JAGER, 1990) the mathematical
model of the DFHRS-concept (4a-f), and the DFHRS
software respectively, alow to subdivide any given
geoid height model Ng(B,L) into a number of so called
“geoid-patches” (fig. 5), each with an own set of datum-
parameters d by fNg(d) (4b). Fig. 4 shows the resi-
duals of two different DFHRS adjustments for the coun-
try of Baden-Wirttemberg, Gemany (see also fig. 5).
Fig. 4 (left) shows long-waved systematic errors, which
occur on introducing only one datum parameter set d for
the whole area, meaning without "patching”. The result
of the “geoid-patching” on the right shows the benefit of
the patching with respect to reduce the influence of
systematic errors by the subdivision of the geoid model
Ng(B,L) into a number of different patches with indivi-
dual datum parameters d (JAGER and KALBER,
2000). Geoid-patching significantly improves the accu-
racy of theresulting DFHRS .
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Fig. 4: Effect of a “geoid-patching” at the example of
Baden-Wirttemberg: Large residualsin identical points
with only one set of datum parameters (left) and much
smaller residuals with 7 patches with individual datum
sets TNg(d) (right).

It is of course also possible to introduce by Ns(B,L)!
(4b) different (patched or unpatched) geoid models,
even concerning the same area.

The continuity equations (4f) are introduced as additio-
nal observation equations with variable weights. So the
dimension of the normal equation matrix is not blown
up due to the conditions C(p) and the approach is kept
very flexible: The continuity conditions can be in-
troduced "hard" or "soft", according to a prescribed
weight, and they can also be statistically tested.

5 DFHRS Softwar e and Examples

For the computation of Digital-Finite-Element Height
Reference Surfaces a special C++ software (* DEHRS-
production software’) has been developed at FH Karls-
ruhe - University of Applied Sciences within the run-
ning research and development project DFHRS (URL.:
www.dfhbf.de). Several functions for visualisation and
utilities for an automatic and a manual meshing and a




powerful least-squares adjustment have been inmplemen-
ted. The DFHRS production software enables the
mathematical model (4a-f) including gross error detec-
tion and variance conponent estimation for all observa-
tions and observation groups respectively, and it sets up
the DFHRS data base in a conpressed format, enabling
at the same time a copy protection key. The DFHRS
data base consists of a block of mesh-grid information, a
block with the DFHRS parameters p and Dm, and optio-
nally a third block with their covariance matrix. The
DFHRS data base access software is available as Dy na-
mic Link Library (DLL) for an implementation in any
DGPS online software.

A first DFHRS data base was computed for the (40 x
40) km area of Talinn/Estonia (fig. 2) (JAGER and
SCHNEID, 2001b,c). Using the EGG97 geoid model
(DENKER and TORGE, 1997) and 23 identical points,
the average reproduction quality (4g,h) of the standard
heights H evaluated from GPS heights h was in the
range of 4 mm (max. 10 mm). The reproduction quality
of the (250 x 350) km of DFHRS Baden-Wirttemberg
(fig. 5) was also better than 1 cm using 192 identical
points, 1013 meshes with a mesh size of 7 km, and 28
EGG97 patches.

Fig. 5: DFHRS production for the country of Baden-
Wirttemberg, Germany. Area size 250 km x 350 km.
Almost regular meshes with an average size of 7 km, 28
geoid-patches, 1013 meshes and 192 identical points.

DFHRS data bases are already available and used res-
pectively as standard in the practice of DGPS heighting
in the SAPOS® DGPS networks of Saarland, Hessen,
Baden-Wirttemberg and Bavaria.

A third series of test computations was performed for a
(500 x 700) km area in Venezuela (JAGER and
SCHNEID, 2001c). Only 22 identical points and geoid
heights Ng from the EGM96 were used for the DFHRS
production. Even the large size of meshes (about 70-80
km) and the less accurate EGM96 provided a DFHRS

with an average reproduction quality of 15 cm for the
standard heights H.

6 Conclusions

The DFHRS (Digital Finite Element Height Reference
Surface) concept provides a new standard for an online
GPS heighting in DGPS networks. The approach is ba-
sed on the representation of the Height Reference Sur-
face (HRS) by the base functions of bivariate poly nomi-
als. These are are set up in the area over a grid of arbi-
trary shaped finite element neshes. To imply a conti-
nuous HRS, a set of continuity conditions is introduced
for each border of neighbouring meshes. With respect to
geoid models Ng' the DFHRS approach is to be
regarded as second step of atwo step adjustment, which
improves any geoid model Ng' in terms of the resulting
DFHRS. The DFHRS data base, conputed in the
DFHRS production step, provides any DGPS user in the
DFHRS application step with a correction D=D(B,L,h),
which converts the ellipsoidal height h directly to the
standard height H. Identical points and transformations
are not needed any more in the application step. So
geodetic expert knowledge is reduced to the production
step, while GPS heighting becomes as simple and eco-
nomic asit can be.

The production step allows to use all above observation
type simultaneously. The whole geometrical informa-
tion, namely identical points and height differences (h,
Dh, H, DH) as well as geoid model heights Ng and de-
flections of the vertical (x,h) are set up in a strict least
squares adjustment, which becomes most efficient in
this way with respect to the resulting DFHRS. The ex-
tension of the DFHRS approach (4a-f) with respect to
gravity observationsisintended. The production step si-
multaneously enables the statistical quality control of
the DFHRS. In the sense of a two step adjustment the
other observation groups enable the control and impro-
vement of the geoid model input, which is simul-
taneously "mapped” to the new DFHRS product. To re-
duce the influence of long-waved systematic errors,
geoid models may be devided into continuous “geoid-
patches’. The resulting DFHRS data base is stored
optionally together with its covariance matrix. The
DFHRS data base access software is ready to be imple-
mented as a DFHRS Dynamic Link Library (DLL) in
any GPS-RTK-software for online GPS-heighting or in
postprocessing software, e.g. for GIS.

7 Evaluation of the European Height
Reference Surface (E_ HRS)

The DFHRS concept has successfully been introduced
in practice. DFHRS data bases have become an official
sales product of state land survey agencies and also pri-
vate companiesin different countries. The approach (4a-
f) is presently also used for the evaluation of the Height
Reference Surfaces (HRS) of large scale areas such as
Venezuela (JAGER and SCHNEID, 2001c) and Ger-
many. The results of DFHRS comnputations (see chap. 5)
prove accuracies better than 1 cm. Another topic of inte-
rest and external requests is directed to the production



of DFHRS data bases for "GIS and navigation" on a (5-
50) cm accuracy level. Such "rapid" or "light" DFHRS
data bases are easy to conmpute, Smply by enlarging the
mesh size without a need of change in the data blocks.
So the DFHRS concept is al in al best prepared both
for producing different accuracy levels of DFHRS data
bases, as well as for using different data sources (e.g.
several geoid models). The detection and reduction of
systemetic errors in big networks is enabled, and the
DFHRS approach (4a-f) is inplemented in a powerful
software with graphic tools. So the authors offer the
DFHRS concept and software as potential and flexible
candidate for the controlled evaluation of the HRS of
Europe (E_HRS) in the near future work of EUREF
TWG.
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