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Overview 

 Introduction 
 

 Sequential Best-Integer Equivariant Estimation 
 

 Multi-frequency code carrier linear combinations 
 

 Galileo:  

Reliable single epoch integer ambiguity resolution 

with E1/E5 linear combinations 
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Precise Point Positioning 

1. Estimation of fractional widelane bias 

     with Melbourne-Wübbena combination 
 

2. Estimation of ionosphere-free phase clocks  

    and pseudorange clocks with a Kalman filter 
 

3. Broadcast of widelane biases, orbit corr. and 

    ionosphere-free phase/ pseudorange clocks 
 

4. Estimation of widelane ambiguities from 

    Melbourne-Wübbena combination 
 

5. Computation of ionosphere-free combinations 

    and subtraction of clock parameters 

6. Estimation of absolute position,  

    tropospheric delay and ambiguites 

network of 

reference stations 

mobile 

receiver 

EUREF Symposium, Budapest            - 3 - 



Technische Universität München 

Model of ionosphere-free combination 

of satellite-satellite single difference measurements: 
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Integer least-squares: 

Pull-in region 

Integer aperture estimation: 
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Integer least-squares versus Integer Aperture Estimation 



Technische Universität München 

EUREF Symposium, Budapest            - 6 - 

Integer least-squares versus Integer Aperture Estimation 

Integer least-squares: 

Integer aperture estimation: 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

controls probability of wrong fixing 



Technische Universität München 

Best Integer Equivariant Estimation 

Minimization of Mean Square Error (MSE): 

Best Integer Equivariant Estimator: 

with the weights 
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Best Integer Equivariant Estimation 

Best Integer Equivariant Estimator: 

with the weights 

Benefits: 

+ optimal MSE estimator 
 

Major drawback: 

- search too complex, not feasible for PPP 
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Sequential Best Integer Equivariant Estimation 

and the weighting 

Ambiguity fixing to weighted sum of integer candidates: 

which requires only a one-dimensional search with the search space 
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Sequential Best Integer Equivariant Estimation 

Ambiguity fixing to weighted sum of integer candidates: 

where the weighting is determined  

with the sequential conditional estimates 
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Sequential Best Integer Equivariant Estimation 

[Source: 

 Brack et al, 

 ION ITM 2013] 

benefit due to  

ambiguity fixing 

Geodetic  

network solution: 
 

Estimation of 

- ionospheric delays 

- tropospheric  

   zenith delay 

- ambiguities 

- receiver and 

  satellite phase biases 

- receiver and satellite 

  clock offsets 
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Sequential Best Integer Equivariant Estimation 

[Source: 

 Brack et al, 

 ION ITM 2013] 

Geodetic  

network solution: 
 

Estimation of 

- ionospheric delays 

- tropospheric  

   zenith delay 

- ambiguities 

- receiver and 

  satellite phase biases 

- receiver and satellite 

  clock offsets 
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Precise float ambiguity estimation: 

Multi-frequency combinations 

Precise Point Positioning - measurement model: 

real-time and reliable integer ambiguity resolution is tough due to 
 

- multipath 

- satellite code and phase biases 

- small carrier wavelengths => poor discrimination 

- extremely ill-conditioned problem 
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Mapping of integer ambiguities to reduced parameter space: 

Precise Point Positioning - measurement model: 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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Mapping of integer ambiguities to reduced parameter space: 

considered as  

one single vector! 

no slant ionospheric delays! 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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(1) Geometry constraint: 

(2) Ionospheric delay (first order): 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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(3) Integer ambiguities: which is equivalent to 

with any arbitrary combination wavelenth 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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How to choose the phase and code coefficients? 

 

maximization of ambiguity discrimination 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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Geometric and ionospheric constraints: 

The phase coefficients are rewritten using the total phase weight defined as 

and therefore 

Geometric/ ionospheric constraints in matrix-vector-notation: 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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Geometric/ ionospheric constraints in matrix-vector-notation: 

Solving for the code weights           gives:  

Remaining unknowns: 

used to maximize the ambiguity discrimination 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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where the wavelength and phase and code coefficients are replaced by 

to obtain 

Ambiguity discrimination: 
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Precise float ambiguity estimation: 

Multi-frequency combinations 



Technische Universität München 

Ambiguity discrimination: 

Maximization over the total phase weight and code coefficients: 

and 

Solving for     yields: 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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Ambiguity discrimination: 

Maximization over the total phase weight and code coefficients: 

and 

Solving for     yields: 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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Maximization over the total phase weight: 

gives 

and using yields 

which is a quadratic equation in      :  

and can easily be solved for the optimal phase weighting. 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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Maximization of ambiguity discrimination 

b. Numerical search: 

a. Analytical computation: 

Constraints on 

biases and multipath 

Frequencies and 

noise assumptions: 

Constraint on 

geometry: 

Constraints on 1st and 2nd 

order ionospheric delays: 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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scaling of geometry 

scaling of ionospheric delay enables reliable fixing! 

EUREF Symposium, Budapest - 26 - 

Precise float ambiguity estimation: 

Multi-frequency combinations 
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scaling of geometry 

scaling of ionospheric delay 

small code coefficients 

enables reliable fixing! 
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Precise float ambiguity estimation: 

Multi-frequency combinations 
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Integer-least-squares pull-in regions: 

E1 pull-in regions: Widelane pull-in regions with =3.285 m: 

Precise float ambiguity estimation: 

Multi-frequency combinations 
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no combinations over frequencies

PPP using E1 and E5 code and carrier phase measurements of 3 s: 

 

a.) Dual frequency (E1-E5) Galileo 

code and carrier phase 

measurements 
 

 without linear combinations 

Estimated parameters: 
 

 carrier phase integer ambiguities 

 position (once/ epoch)  

 ionospheric delays (initial epoch) 

 gradients of ionospheric delays 

 tropospheric wet zenith delay      

 (initial epoch) 

 gradient of trop. wet zenith delay 

0 5 10 15 20
10

-20

10
-15

10
-10

10
-5

10
0

Time [h]

P
ro

b
a

b
il
it
y
 o

f 
w

ro
n

g
 f
ix

in
g

 

 

no combinations over frequencies

10-9

Precise float ambiguity estimation: 

Multi-frequency combinations 
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no combinations over frequencies

PPP using E1 and E5 code and carrier phase measurements of 3 s: 

0 5 10 15 20
10

-20

10
-15

10
-10

10
-5

10
0

Time [h]

P
ro

b
a

b
il
it
y
 o

f 
w

ro
n

g
 f
ix

in
g

 

 

no combinations over frequencies

10-9

0 5 10 15 20
10

-20

10
-15

10
-10

10
-5

10
0

Time [h]

P
ro

b
a

b
il
it
y
 o

f 
w

ro
n

g
 f
ix

in
g

 

 

IF code-carrier and IF code-only combinations

no combinations over frequencies

10-9

 

b.) Dual frequency (E1-E5) Galileo 

code and carrier phase 

measurements 
 

 with  

 two geometry-preserving, 

 ionosphere-free  

 linear combinations: 

 - code carrier combination 

   of maximum discrimination 

 - code-only combination 

Estimated parameters: 
 

 widelane integer ambiguities 

 position (once/ epoch) 

 tropospheric wet zenith delay      

 and its gradient 

Precise float ambiguity estimation: 

Multi-frequency combinations 
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Integer ambiguity resolution with real Galileo signals 

Two geodetic OEM 628 Novatel receivers: 
 

- tracking of following Galileo signals: 
 

 E1: C1C L1C D1C S1C 

 E5a: C5Q L5Q D5Q S5Q 

 E5b: C7Q L7Q D7Q S7Q 

 E5: C8Q L8Q L8Q S8Q 
 

- tracking also of L1/L2/L5 GPS signals 

baseline length: 

+ 

 

 

PRN 11

PRN 12

PRN 19

PRN 20

baseline length: 

reference 

satellite 

only tracked 

by one receiver 

+ 
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Differential integer ambiguity resolution 

 Single epoch E1-E5a widelane integer ambiguity resolution 

for 1.25 m baseline with baseline length and height a priori information 

baseline length: 

0 20 40 60 80 100 120 140 160 180 200
0

0.5

1

1.5

2

2.5

3

Time [s]

W
S

S
E

 o
f 
fi
x
e

d
 M

A
P

 e
s
ti
m

a
te

s indicates correct 

ambiguity resolution 

baseline length: 

+ 
+ 

2000 independant  

ambiguity resolutions 
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Differential integer ambiguity resolution 

 Single epoch E1-E5a widelane integer ambiguity resolution 

for 1.25 m baseline with baseline length and height a priori information 

0 20 40 60 80 100 120 140 160 180 200
0

20

40

60

80

100

120

Time [s]

R
a

ti
o

 b
e

tw
e

e
n

 W
S

S
E

 o
f 
2

n
d

 a
n

d
 1

s
t 
c
a

n
d

id
a

te

very reliable! 

Note: Each of the  

2000  independant 

ambiguity resolutions  

(10 Hz meas. rate)  

was correct. 
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Heading determination 

 Heading determination based on fixed widelane ambiguities: 

 

baseline length: 
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(corresponds to sigma = 1.3 cm for relative position) 
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Phase residuals of constrained fixed solution 
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PRN 11 - PRN 12

PRN 20 - PRN 12

 Single epoch E1-E5a widelane integer ambiguity resolution 

for 1.25 m baseline with baseline length and height a priori information 

multipath 

EUREF Symposium, Budapest - 35 - 



Technische Universität München 

Conclusion 

 Introduction to Sequential Best Integer Equivariant Estimation 

attractive to Precise Point Positioning as it 
 

+ enables a lower Mean Square Error (MSE) 

   than the conventional LAMBDA method 

+ requires only n one-dimensional searches instead of 

   one n-dimensional search and  

+ lower computational complexity than LAMBDA 
 

 Overview of multi-frequency linear combinations for Galileo 
 

+ enable arbitrary scaling of geometry 

+ enable arbitrary scaling of ionospheric delay 

+ enable an desired wavelength 
 

 Single epoch integer ambiguity resolution with discrimination of 100. 
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