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DFHRS (Digital FEM Height Reference Surface)DFHRS (Digital FEM Height Reference Surface)
– A Rigorous Approach for the Integrated Adjustment of 

Fitted Height Reference Surfaces (HRS) -
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FEM representation of height reference surfaces

( ) ( ) ( ) ( ) 

















⋅⋅−

=

















−

=

















∆

∆

∆

∑∑
=

−

=

l

i

il

j

ji

mijnijmnnm

nm

nm

xyaaxyNxyNxyN

y

x

0 0
,,,

,

,

0

0

,,,,

0

0

, pp

3D difference at any point P(x,y) 
along the border SA_SE of the
meshes m and n has to vanish
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ContinuousContinuous Finite Element Finite Element RepresentationRepresentation of HRSof HRS
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FEM representation of height reference surfaces

Result: Continuous Height Reference Surface: NFEM(p)
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DDigital igital FFEM EM HHeighteight RReferenceeference SSurfaceurface (DFHRS)(DFHRS)-- ConceptConcept

hGNSS+ v   =  H  + NFEM(p) - hGPS·∆∆∆∆ m

H +  v =   H

NG‘j + v j =           NFEM(p) + ∂NG(d j)

ξj +  v =  - FB  / M(B)  ⋅ p +   ∂ ξ (dξξξξ,ηηηη) j

ηηηη j + v   =   - FL/(N(B)⋅cos(B)) ⋅ p + ∂ η(dξξξξ,ηηηη) j

Complete New Computation of 

continuous HRS (p and ∆∆∆∆ m)!

DFHRS – Adjustment Approach
State of the Art < 2005< 2005

 
)(4 ∫∫
σγ⋅π⋅ B

a
∆∆∆∆g·S(ψ)dσ +  v = NFEM(p)

NFEM(p)

N(pj)

(Global, regional, local)

<= Sets of Deflections from Vertical  

(Zenith Cameras or Geoidmodels)

<= GPS/Levelling Fitting Points

<= Any number Geoidmodels

<=  „Gravity“ by correlated Geoidmodels

In the sense of an 2 step adjustment
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EGG97
European

Gravimetric

Geoid 1997

Mean- up to lang-waved
Errors

0.1 – 1.5 m ! 

=> New Concepts,
more „precise“ or
better: (H,h)-fitted

solutions

Weak-Shapes of 
Classical

Gravimetric

„Geoid“models
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Tallinn Tallinn 

ExampleExample

Pure Geoid-

Approach

EGG97-Geoid

without Datum

∂∂∂∂N(d)

+/- 3.5 cm „Tilt“

15km

15mm

Net

Residua ls

Standard GNSS/GPS-heighting
Approaches using identical Points
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Tallinn Tallinn 

ExampleExample

Pure 

Geoidapproach 

EGG97-Geoid

With Datum

∂∂∂∂N(d)

+/- 4 mm 15km

Net

20mm

Residua ls

HBF:= NG + ∂NG(d) 

Standard GNSS/GPS-heighting
Approaches using identical Points



IAG IAG ReferenceReference Frame Frame SubSub--CommissionCommission forfor Europe (EUREF) Symposium 2006, Riga, 14Europe (EUREF) Symposium 2006, Riga, 14--17 17 JuneJune

DFHRS SoftwareDFHRS Software

•• Identical Identical 

„Fitting“„Fitting“

PointsPoints

((B,L,h;HB,L,h;H))

•• MeshesMeshes

•• PatchesPatches
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Every
geoid-
and/or
vertical
deflection
model N 
can be

„patched“ 

DFHRS SoftwareDFHRS Software

∂∂∂∂NG(d j)

• Hochschule für Technik und Wirtschaft  

- University of Applied Sciences 
• LVA Baden-Württemberg
• LVA Hessen
• LVA Rheinland-Pfalz

• LVA Riga, Latvia
• University of Federal Forces Munich
• University Darmstadt
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DFHRS_DB   Design Parameters

<_3_cm DFHRS_DB

Windhuk, Namibia

EGM96

Fitting Point Fitting Point DensityDensity (< 10 mm (< 10 mm pointspoints, EGG97), EGG97)

•• 50 50 pointspoints per (100 km x 100 km): <_1_cm DFHRS_DBper (100 km x 100 km): <_1_cm DFHRS_DB

•• 10 10 pointspoints per (100 km x 100 km): < 3_cm DFHRS_DB  per (100 km x 100 km): < 3_cm DFHRS_DB  

•• 33--4 4 pointspoints per (100 km x100 km): < 5per (100 km x100 km): < 5--10_cm DFHRS_DB10_cm DFHRS_DB

MeshsizeMeshsize (p=3)(p=3)

•• 2020--30 km : HRS 30 km : HRS approximationapproximation errorerror < (5< (5--10) cm10) cm

••10 km: HRS 10 km: HRS approximationapproximation errorerror <1 cm <1 cm 

•• 5 km: HRS 5 km: HRS approximationapproximation errorerror < 0.5 cm< 0.5 cm
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DFHRS_DB   Design Parameters

Design Studies < 5 - 10_cm DFHRS Germany

PatchPatch--SizeSize (EGG97)(EGG97)

•• 30 30 -- 40 km 40 km forfor a < 1_cm DFHRS_DBa < 1_cm DFHRS_DB

•• 50 50 –– 60 km 60 km forfor a < 3_cm DFHRS_DBa < 3_cm DFHRS_DB

•• 300 km 300 km forfor a < 10_cm DFHRS_DBa < 10_cm DFHRS_DB

(3(3--5) 5) pointspoints per per patchpatch
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< 10cm DFHRS Europe – „Fittingpoint-Design“

ETRS89/EVRS

„GPS-/Levelling-
Points of EVN“

Fitting Points
NFEM(p) =: h - H

Used for the 
1st  Version  

< 10_cm DFHBFS 
Europe
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Austria Germany Estonia Latvia Lithuania Switzerland

Number of 
unused 

control points

9 95 21 25 46 13

RMS [cm]
7.5 4.2 8.8 9.2 6.8 7.0

<_10_cm DFHRS_DB - Indepent Quality Control

(Present Version,  35 km meshes, 34 Patches)<1_dm EVRF2004
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Overview about
European DFHRS_DB

30 km
Mesh Size

10 km

5 km < 1 cm

< 3 cm

< 10 cm

2005

New 

2006

2003
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DFHRS_DB   - Product as CD-Installation of State Land Services in Germany
CopyProtection inclusive
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< 5 cm   DFHRS_DB  Florida (… < 5 cm   DFHRS_DB  Florida (… MasterthesisMasterthesis ))

New 

2005
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5 km FEM 
Meshes

European DFHRS_DB… European DFHRS_DB… 

includingincluding

< 1 cm DFHRS_DB  < 1 cm DFHRS_DB  UngaryUngary

Test Test -- AreaArea

(50 x 90 ) km (50 x 90 ) km 

11--2_cm DFHRS_DB Budapest2_cm DFHRS_DB Budapest

New 
2005

DFHRS 4.0 DFHRS 4.0 

SoftwareSoftware
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DFHRS in DFHRS in PracticePractice
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DFHRS in Practice

TOPSurvTOPSurv©©
…… many other 
independent GNSS-
Controller Software
and GIS Packages

See    www.ibwww.ib--seiler.deseiler.de



IAG IAG ReferenceReference Frame Frame SubSub--CommissionCommission forfor Europe (EUREF) Symposium 2006, Riga, 14Europe (EUREF) Symposium 2006, Riga, 14--17 17 JuneJune

DFRHS DFRHS –– Extension to Extension to GravityGravity ObservationsObservations
Geodetic Network Optimization - 1st/2nd/3rd Order Design:  A,P =>A,P =>CCpp
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DFHRS DFHRS -- Extension to Extension to GravityGravity ObservationsObservations

=LAVg
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„<1cm-Resolution („2mm“) of HRS“

Instead of classical global 
spherical harmonics 
(n=m=7200)

Spherical Cap 
Harmonics
(SCHA)

Cap
PP

Extension of Extension of thethe DFHRSDFHRS--ConceptConcept to to GravityGravity ObservationsObservations
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θ0=90°

θ0 =arbitrary

θ0 =90°

l = 6, 

l = 2,

l = 4

l(2)  = 109.2714

l(6) = 290.9488 l(4) =200.4828

°<< 900P ml θθ   );(cos,
°<< 20P mkl θθ   );(cos),(

 
)(cos)(

0
P 90,mkl

=
∂

∂ °=

ψ

ψ ψ

 0
)(cos'P 2,m)k(l

=
ψ∂

ψ∂ °=ψ

θ0  arbitrary

Global Sperical-

Harmonics

SHA

Spherical Cap  Harmonics (SCHA)

GeneralGeneral

CaseCase ofof

SHA!!!SHA!!!



IAG IAG ReferenceReference Frame Frame SubSub--CommissionCommission forfor Europe (EUREF) Symposium 2006, Riga, 14Europe (EUREF) Symposium 2006, Riga, 14--17 17 JuneJune

DFHRS DFHRS -- Extension to Extension to GravityGravity ObservationsObservations
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SCHA „Handling“

SCHA „Resolution“ („2mm Geoid“, n=7200 u =50.000.000)

α= 1° (=110 km area) =>  k-SCHA = 80 and   u = 6.400

3° (=330 km area) =>  k-SCHA = 250 and   u= 62.500α=

α= 25° (Europe)          =>  k-SCHA = 2000 and u =4.000.000
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DFHRS DFHRS -- Extension to Extension to GravityGravity ObservationsObservations
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Treatment of GPM   Treatment of GPM   -- EGM96 / EGM99, EIGEN, etc  EGM96 / EGM99, EIGEN, etc  
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γ
=

∂+=+

∞

= =

+

0k

k

0m
m),k(nm),k(nm),k(n

1)k(n

Q

j
m),k(nm),k(n

j
GPM

)'(cosP)'msin'S'mcos'C(
r

a
(

1
 

)(N)S,C(NvN d

)V 80GRS,ref−

)(N jd∂+)V 80GRS,ref−



IAG IAG ReferenceReference Frame Frame SubSub--CommissionCommission forfor Europe (EUREF) Symposium 2006, Riga, 14Europe (EUREF) Symposium 2006, Riga, 14--17 17 JuneJune

hGNSS+ v   =  H  + fT ⋅ p - hGPS·∆∆∆∆ m

H + v   =   H

NG‘j + v j =           fT ⋅ p + ∂NG(d j)

ξj +  v =  - fB

T
/ M(B)  ⋅ p +   ∂ ξ (dξξξξ,ηηηη) j

ηηηη j + v   =   - fL

T
/(N(B)⋅cos(B)) ⋅ p + ∂ η(dξξξξ,ηηηη) j
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Extension of Extension of thethe DFHRSDFHRS--ConceptConcept to to gravitygravity observationsobservations
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ExampleExample Saarland: 825 Saarland: 825 GravityGravity ObservationsObservations
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ExampleExample Saarland (Jan. 06)Saarland (Jan. 06) DFHRSDFHRS--Software Software 

withwith ComputationComputation

DesignDesign

Version 1 ( 1cm Version 1 ( 1cm ReferenceReference))

EGG97 („EGG97 („GravityGravity indirectindirect“)“)

+ + IdenticalIdentical PointsPoints

Version 2 („Version 2 („GravityGravity indirectindirect“)“)

GravityGravity DisturbancesDisturbances dgdg

GPM98GPM98

IdenticalIdentical PointsPoints

1 CAP 1 CAP 

ResultResult: 1_cm : 1_cm CoincidenceCoincidence of of thethe HRS HRS betweenbetween Version 1 and Version 2Version 1 and Version 2
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„1_cm DFHRS of Baden-Württemberg“ (EIGEN-GPM, Gravity Values, Fitting Points)
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„1_cm DFHRS of Baden-Württemberg“ (EIGEN-GPM, Gravity Values, Fitting Points)
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„1_cm DFHRS of Baden-Württemberg“ (EIGEN-GPM, gravity values)

Fig. 8

DFHRS-software report for the gravity disturbances dg with the list of corrections v

Number B[°]         L[°]         dg[mgal]       v[mgal]
--------------------------------------------------------------------

6221803000    49.744402      9.325176   17.27052630      0.016

6221803100    49.754800      9.320541   18.29553958      0.004

6221810000    49.731079      9.322965   48.72880615     -0.002

6221810100    49.767690      9.323488   16.90448271     -0.009

6221810200    49.739588      9.295846   16.90117365     -0.005

:             :              :          :             :

6222803100    49.787317      9.482121   25.19440159     -0.006

6222803800    49.730625      9.411164   35.48699735      0.012

6222803900    49.748882      9.486150   46.45989551     -0.019

6222804000    49.735388      9.450240   45.58427649     -0.022

6222804104    49.717601      9.439384   46.62347815     -0.018

6222804204    49.702843      9.456634   55.15177619     -0.029

6222810000    49.699664      9.417770   47.55625221     -0.003
:             :              :           :            :
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Solution Solution ConceptConcept for for 

HRSHRS--ComputationComputation andand

GNSSGNSS--HeightingHeighting

- Strict mathematical base for continuous FEM_HRS & **DFHRSDFHRS--SoftwareSoftware*

- New concept for an overdetermined BVP =>parametric HRS determination 

- Mesh and patch-design => Any accuracy and any! area size (<= FEM)

- Open for all geometrical & physical (e.g. gravity) observations!

- DFHRS = (Leading) Geoidfitting Concept

- Ready for 1 cm EVRS using existing data +EPN densification fitting-points! 

- High practical relevance for GNSS services all over the world

- Industrial Standard in GNSS-Equipment and GIS 

- DFHRS_DB => RTCM 3.0 Message used in GNSS-Services, NTRIP etc. 

- High Capacities for International Co-operations and for EVRS


